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In traditional logic, statements can be
either true or false, and sets can
either contain an element or not.

+ These logic values and set
memberships are typically
represented with number 1 and 0.

Fuzzy logic generalizes traditional
logic by allowing statements to be
somewhat true, partially true, etc.

Height Merbe hip Fanctions

tall\‘

Membership
Walus
Likewise, sets can have full members,

partial members, and so on. 085 —|

For example, a person whose height is
5’9" might be assigned a 085 — e

membership of 0.6 in the fuzzy set el
“tall people”. -
+ The statement “Joe is tall” is 60% 85 7 510

true of Joe is 5'9".

medium
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Fuzzy logic is a set of “if--then”
statements based on combining fuzzy f T T T T

sets. (Beale & Demuth..Fuzzy Systems 2 R N TR S
Toolbox.)

Height in feet and inches

Fuzzy Setbs Stitdaiews|aml
Rules

A crisp setis simply a collection of objects taken from
the universe of objects.

Fuzzy refers to linguistic uncertainty, like the wad
“tall”.

Fuzzy sets allow objects to have membership in more
than one set:

— e.g. 6’0" has grade 70% in the set “tall” and grade 40%in th
set “medium”.

A fuzzy statement describes the grade of a fuzzy
variable with an expression:

— e.g. Pick a real number greater than 3 and less than 8.

The Definition of Fuzzy
Logic Rules

» A fuzzy logic system uses fuzzy logic rules, as in
expert system where there are méryen rules.
— A fuzzy logic rule uses membership functiass

variables.

« A fuzzy logic ruleis defined as aif variable(s) and
then output fuzzy variable(s).

» Fuzzy logic variables amonnected togethetike
binary equations with the variables separated wi
operators of AND, OR, and NOT.

an
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Ouitline

*be introduced to the topics of:

— fuzzy sets,

— fuzzy operators,

—fuzzy logic

— and come to terms with the technology
elearn how to represent concepts using fuzzy logic
eunderstand how fuzzy logic is used to make deductions

«familiarise yourself with the “fuzzy' terminology

Review aff
Tiaditivieil
Propositional Logic
and
why it is not
sufficient

Tieaditivrel Tosgic

* One of the main aims of logic is to
provide rules which can be
employed to determine whether a
particular argument is correct or not.

» The language of logic is based on
mathematics and the reasoning
process is precise and
unambiquous

Logical arguments

» Any logical argument consists of
statements.

» A statement is a sentence which
unambiguously either holds true or
holds false.

—Example: Today is Sunday

Predicates

Seven is an even number
— This example can be written in a mathematical form
as follows:
« 7 0{x| x is an even number}
— or in a more concise way:
* 70{xIP(x)}
— where | is read as such that and P(x) stands for “x
has property P' and it is known as the predicate.
— Note that a predicate is not a statement until some
particular x-value is specified.
— Once a x value is specified then the predicate

becomes a statement whose truth or falsity can be
worked out.

For Alll Queanitifier

» Forall xandy, x 2-y2 is the same as (x+y)*(x-
y)

— This example can be written in a mathematical
form as well:

* Oxy ((6yOR)O (x2-y2)=(x+y)* (X))
« where the O is interpreted as 'for all', Ois the
logical operator AND, and R represents what
is termed as the universe of discourse.




Universe off Dissoaiirsee

» Using the universe of discourse one
assures that a statement is evaluated for
relevant values.

— The above predicate is then true only for  real
numbers.

 Similarly for the first example the universe
of discourse is most likely to be the set of
natural numbers rather than buildings,
rivers, or anything else.

— Hence, using the concept of the universe of
discourse any logical paradoxes can not arise.

Existential Quantifier

» Another type of quantifier is the
existential quantifier (0.

» The existential quantifier is interpreted
as 'there exists' or 'for some' and
describes a statement as being true for
at least one element of the set.

* For example, ( [X)
((river(x) Oname(Amazon))

Connectivesamdotifedxrtituth tables

* A number of connectives exist.

— Their sole purpose is to allow us to join together
predicates or statements in order to form more
complicated ones.

e Such connectives are  NOT (~), AND (0), OR (O).

— Strictly speaking NOT is not a connective since it only
applies to a single predicate or statement

* In traditional logic the main tools of reasoning
are tautologies, such as the modus ponens
(AOA=B))=B (= means implies).

Tiuith THbRS

And |Or | Not

A B

True True True True False
True False False True False
False True False True True
| False False Felse False Te

This everything will hold true, we will just
do a small modification to the material on
logic from the last quarter

Identitizs of Fuzzy
Logic
or
how fuzzy logjic difffers
fiom classicdl

« The form of identities used in fuzzy variables are the same ragle in
fuzzy sets.

« The definition of an element in a fuzzy set, {(x,u a(x))}, is the samefaezy
variable x and this form will be used in the remainder of the paper.

* Fuzzy functions are made up of fuzzy variables.

The identities for fuzzy algebra are:

Idempotency: X+X=X, X*X=X
Commutativity: X+Y=Y+X, X*Y=Y*X

Associativity: X+Y)+Z=X+(Y+2),
(X*Y)*Z=X*(Y*2Z)

Absorption: X+(X*Y)=X, X*(X+Y)=X

Distributivity: X+(Y*Z)=(X+Y)*(X+2),

X*(Y+2Z)=(X*Y)+(X*2)
Complement: X" =X
DeMorgan's Laws: (X +Y)' =X *Y’, X*Y)y=X+Y




Tiansfoimations of Fuzzy
Logic Formulas

Some transformations of fuzzy sets with examples follow:
x'b+xb=(x+x)bzb

xb + xx’b = xb(1 + X’) = xb

x'b + xx’b = x'b(1 + x) =x'b

a+xa=a(l+x)=a

atxa=a(l+x)=a

atxxa=a

at0=a

X+0=x

x*0=0

x+1=1

x*1=x

Examples:
a+xa+xb+xxb=a(l+x)+xb(l+x)=a+xb
atxat+txa+xxa=a(l+x+x +xx)=a

Difffeiences Beativeea Boolelaa
Logic and Fuzzy Logiic

. In Boolean logic the value
of a variable and its inverse i *
always disjoin{(X * X’ = 0)
and (X + X’ = 1) because the
values are either zero or one

. Fuzzy logic membership <
functions can be either disjoi
or non-disjoint.

. Example of a fuzzy non- . 3 A
linear and lineamembership =
function X is shown (a) with
its inverse membership
function shown in (b).

Fuzzy Intersectiom sl Wi s

From the membership x

functions shown in the top in —
(a), and complement X’ (b) the §
intersection of fuzzy variable

X and its complement X' is
shown bottom in (a). o o

|

From the membership
functions shown in the top in x x
(a), and complement X’ (b) the
union of fuzzy variable X and
its complement X' is shown
bottom in (b).

) x 0 X
fa) k)

Fuzzy
intersection

Fuzzy union

] : valid
inconsistent -

T~

~

ar b

Two fuzzy functions arealid iff the functionoutputs are= 0.5under all
possible assignments.

This is like doing EXOR of two binary functions shown in (b) whicthis t
same as union.

Two fuzzy functions aréconsistentff the function output i< 0.5 under al
possible assignments. Thus, if the output of the two fuzzy functions is
then the two fuzzy functions are inconsistent.

This is like exnor of two binary functions of shown in (a) which is the s
as intersection.

Fuzzy Logic
as an answertéo
problems with
tiadittnaill hgjic

Fuzzy Logic

* The concept of fuzzy logic was introduced
by L.A Zadeh in a 1965 paper.

« Avristotelian concepts have been useful and
applicable for many years.

» But these traditional approaches present us
with certain problems:
— Cannot express ambiguity
— Lack of quantifiers
— Cannot handle exceptions

0.5

me



Traditiviel logyic PrabRms Tiaditiviellogic Piabkmns

— Cannot express ambiguity: —Cannot handle exceptions:
+ Consider the predicate "X is tall'. « Another limitation of traditional predicate logic is
« Providing a specific person we can turn the predicate into expressing things that are sometimes, but not
a statement. alwavs true '
v .

« But what is the exact meaning of the word “tall'?
* Whatis “tall' to some people is not tall to others.
— Lack of quantifiers:

« Another problem is the lack of being able to express
statements such as "Most of the goals came in the first
half ',

« The "'most' quantifier cannot be expressed in terms of the
universal and/or existential quantifiers.

Tiaditivizlsets
] | ]
¢ Inorder to represent a set we use curly brackets {}.
« Within the curly brackets we enclose the  names of the

items , separating them from each other by commas.
¢ The items within the curly brackets are referred to as

the elements of the set.
— Example: Set of vowels in the English alphabet = {a,e,i,o,u}
« When dealing with numerical elements we may replace

any number of elements using 3 dots .
— Example: Set of numbers from 1 to 100 = {1,2,3,...,100}
— Set of numbers from 23 to infinity = {23,24,25,...}

Tiaditiviglsets Cloud Diagrams

< Rather than writing the description of a set
all the time we can give names to the set . A cloud diagram

. . V = {a,e,i,o,u}
» The general convention is to give sets names
in capital letters.
— Example:

« V = set of vowels in the English alphabet.
« Hence any time we encounter V implies the set {a, e, i, 0, u}.

— For finite size sets a diagrammatic representation
can be employed which can be used to assist in
their understanding.

* These are called the cloud/diagrams




Set axrder

» The order in which the elements are
written down is not important.
— Example: V = {a,e,i,o,u} ={u,0,i,e,a} = {a,0,e,u,i}
* The names of the elements in a set must
be unique.
—Example:
*V={a,ae,io,u}

« If two elements are the same _then there is no point
writing them down twice (waste of effort)

« but if different then we must introduce a way to tell
them apart.

Sett e bershijp

Given any set, we can test if a certain
thing is an element of the set or not .

The Greek symbol, [, indicates an
elementis a member of a set .

For example, x OA means that x is an
element of the set A.

If an element is not a member of a set, the
symbol Ois used, asin OA.

L]

L]

L]

L]

Sett @pjuidity & sulseess

* Two sets A and B are equal, (A= B) if every
element of A is an element of B and every
element of B is an element of A.

* Aset Ais a subset of set B, (A O B) if every
element of A is an element of B.

« Aset Aisa proper subset of setB, (A OB)if
A is a subset of B and the two sets are not
equal.

Sett @pjuidity & sulseess

e Two sets A and B are disjoint , (A n b) if and only
if their intersection is the empty set.

* There are a number of special sets . For instance:
— Boolean B={True, False}
— Natural numbers N={0,1,2,3,...}
— Integer numbers 2={...,-3,-2,-1,0,1,2,3,...}
— Real numbers R
— Characters Char
— Empty set O or {}
— The empty set is not to be confused with {0} which is a

set which contains the number zero as its only
element.

Sett appatetion

* We have a number of possible operators acting on
sets.

» The intersection ( n ), the union ( O ), the difference
(), the complement ().

— Intersection results in a set with the common elements of
two sets.

— Union results in a set which contains the elements of bot h
sets.

— The difference results in a set which contains all the
elements of the first set which do not appear in th e second
set.

— The complement of a set is the set of all element not in that
set.

« Using as an example the two following sets A and B the
mathematical representation of the operations will be given.
— A={cat, dog, ferret, monkey, stoat}
— B ={dog, elephant, weasel, monkey}

*« C=AnB={x0Ou]|(x OAO(x OB)}={dog, monkey}

« C=AOB={x0Ou]|(x OAO (x OB)}={cat, ferret, stoat, dog,
elephant, weasel, monkey}

e C=A/B={x0u|(x OA) O~(x OB)}={cat, ferret, stoat}

e« C=A'={x0Ou|~(x OA)}-Uisa Universe
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Soft
Computing and
Fuzzy Theory

What is fuzzinesss

« The concept of fuzzy logic was introduced ina 1965 p  aper by

Lotfi Zadeh .

« Professor Zadeh was motivated by his realization of the fact
that people base their decisions on imprecise , hon-numerical
information.

Fuzzification should not be regarded as a single theo ry but as
a methodology

— It generalizes any specific theory from  a discrete to a continuous
form.

« For instance:
— from Boolean logic to fuzzy logic,
— from calculus to fuzzy calculus,
— from differential equations to fuzzy differential e quations,
— and so on.

What is fuzziness

Fuzzy logic is then a superset of
conventional Boolean logic.

* In Boolean logic propositions take a
value of either completely true or
completely false

» Fuzzy logic handles the concept of
partial truth, i.e., values between the
two extremes.

Wihat is fuzziness linguistic
variablies or fuzzy literals

« For example, if pressure takes values between 0 and
50 (the universe of discourse) one might label the range
20 to 30 as medium pressure (the subset).

* Mediumis known as a linguistic variable.

Booleaw Literal “NRdiiinm Prassure”

Membership Grade
1 With 15.0 (or
even 19.99) is not a member

0.9 of the medium pressure
0.8 range.
As soon as the pressure

0.7 equals 20, then it becomes a
06 member.
0.5
0.4| Not-Member Not-Member
0.3
0.2
0.1

0

50 Pressure

10 30 40




- Example: contrast boolea and
fuzzy literals

» Contrast with the Figure of the next page which shows
the membership function using fuzzy logic.

* Here, avalue of 15 is a member of the medium
pressure range with a membership grade of about 0.3.

* Measurements of 20, 25, 30, 40 have grade of
memberships of 0.5, 1.0, 0.8, and 0.0 respectively.

» Therefore, a membership grade progresses from non-
membership to full membership and again to non-
membership.

Fuzzy Literal “Mediumn Presaure’

/Iemkl)ership Grac

0.9
0.8
0.7

0.6

Not-Member Not-Member

0.5
0.4
0.3
0.2
0.1
0

50 Pressure

10 20 30 40

Evaluation of fuzzy functions isséimiliar te
evaluation of binary Boolean Fuiutitss

A 1 1 1
¢ 1
0 BOOLEAN
B ! '
0
A 0.9 07 0.7
¢ 0.7
: o5 FUZZX
04 J
B MAX
0.6
MIN
1-X

Fuzzy

Fuzzy Setss

* Fuzzy logic is based upon the notion of fuzzy sets.

— Recall from the previous section that an item is an element of a set
or not.

— With traditional sets the boundaries are clear cut.
— With fuzzy sets partial membership is allowed.

— Fuzzy logic involves 3 primary processes
« Fuzzification
* Rule evaluation
« Defuzzification

With fuzzy logic the generalised modus ponens is employed which
allows A and B to be characterised by ~ fuzzy sets .

Fuzzy SetThwesy

47° Fuzzy Set Theory:

“Strong Fever”




Fuzzy Setis

TRADITOMA LS s HUZZZYSSH'ES

» Traditional sets, influenced from the
Aristotelian view  of two-valued logic, have only

Definition two possible truth values, namely TRUE or
Operations FALSE, 1 or 0O, yes or no etc.

Identities » Something either belongs to a particular set or
Transformations does not.

» The characteristic function  or alternatively
referred to as the discrimination function _is
defined below in terms of a functional mapping.

TRADIMTOONALYss RZZZYSSITES TRADITONALY s FIZZZYSSHES

« In fuzzy sets, something may belong
partially to a set.

» Therefore it might be very true or
somewhat true, 0.2 or 0.9 in numerical
terms.

* The membership function using fuzzy
sets defined in terms of a functional
mapping is as shown below.

¢ Fuzzy logic allows you to violate the  laws of
noncontradiction since an element can be a member
of more than one set, like children and adults

* More set operations are available

¢ The excluded middle is not applicable , i.e., the
intersection of a set with its complement does not
necessarily result to an empty set.

* Rule based systems using fuzzy logic in some cases
might increase the amount of computation required
in comparison with systems using classical binary
logic.

TRADITOMALYss HUZZZYSSH'ES

« If fuzzy membership grades are
restricted to{0,1} | then Boolean sets are
recovered.

* For instance, consider the Set Union
operator which states that the truth
value of two arguments x and y is their
maximum:

—truth(x or y) = max (truth(x), truth(y)).

Every Crisp set is Fuzzy blut noot
converseiy

« If truth grades are either 0 or 1 then

following table is found:

— Xy truth

-000

-011

-101

-111

« whichis the same truth table as in the Boolean logic.

* So, every crisp set__is fuzzy , but not

conversely.




Example of Fuzzy seet

* As an example consider:
— the universe of discourse U ={0,1,2,...,9}
— and a fuzzy set X ;, "young generation decade

» A possible presentation now follows:

— X;={1.0/0+1.0/1+0.85/2+0.7/3+0.5/4+0.3/5+0.15/6+0.0/7+0.
0/8+0.0

— The sgtis also shown ina graphical form below.

We use notation{(HA(X), X )}

newborn 1 year old

0123456789

Decade

Fuzzy sdtexanaipide

The ordered pairs form the éx, HA(X) )} to
represent th&izzy set memberand thegrade
1 . 5 of membership

crade L
O'g LII...-;

01234567889

We use also notatior(HA(X), X )}

This is subjective, language related. What does it@an
“young boy” when you live in a retirement facility?

Definition of Fuzzy Seit

« Afuzzy set, defined as A, is a subset ofiaiverse of discourse
U, where A is characterized byreembershipfunctiopA(x).

* The membership functigmA(x) is associated with each point in
U and is the “grade of membership” in A.

* The membership functigmA(x) is assumed to range in the
interval[0,1], with value of 0 corresponding to the non-
membership, and 1 corresponding to the full membership.

« The ordered pairs form the 4éK, LA(X) )} to represent the
fuzzy set:imemberand thegrade of membership

* We use also notatiorf( LA(X), X )}

Fuzzy epaistors

* What follows is a summary of some fuzzy set
operators in a domain X.

¢ Forillustration purposes we shall use the followin g
membership sets:
— Wa=0.8/2+0.6/3 +0.2/4, and pg = 0.8/3 + 0.2/5
— aswellas X;and X, from above.

« Set equality:
— A=B if pa(X)=Hp(x) for all x OX
« Set complement:
— A Py (X)=1-pa (x) for all x OX.
— This corresponds to the logic "NOT" function.
— Ma (X)=0.2/2 +0.4/3 +0.8/4

Fuzzy oparationrs

e Subset: AOB if and only if p,(X)spg(x) for all x OX

» Proper Subset:
— AOB if pa(X)<pg(x) and pa(x) Upg(X) for at least one x OX

« Set Union:

— AOB page(X)=0(pa(X), ug(x)) for all x OX where Ois the
join operator and means the maximum of the
arguments .

« This corresponds to the logic "OR' function .

— Mape(X) =0.8/2+0.8/3+0.2/4 + 0.2/5

Operations o FuzaySee

* The fuzzy set operations are defined as follows.
— Intersection operation of two fuzzy sets usesgmebols:n, *, 0, AND, or min.
— Union operation of two fuzzy sets uses the symha|$], +, OR, or max.

« Equality of two sets is defined as A =B pa(x) =pb(x) for all x 0 X.

« Containment of two sets is defined as A subset B,
A OB « pa(x)< pb(x) for all xJ X.

« Complementof a set A is defined as A’, whera'(x) = 1 —pa(x) for all xOO X.
« Intersection of two sets is defined as A B
wherep {a n b (x) } = min{(pa(x), ub(x))} for all x O X.

Where COA, CO BthenCO A n B.

« Union of two sets is defined as/A B where u &l b(x) = max{{ a(x), 1 b (x))}
forall x O X where DO A, DO Bthen DO A O B.

10



Fuzzy seis logikc infiéeéaoeccorandiol

— This is the appropriate place to  clarify not what the
terms mean but their relationship.

— This is necessary because different authors and
researchers use the same term either for the same
thing or for different things.

— The following have become widely accepted:
* Fuzzy logic-system
— anything that uses fuzzy set theory
* Fuzzy control
— any control system that employs fuzzy logic
» Fuzzy associative memory

— any system that evaluates a set of fuzzy if-then rules uses fuzzy
inference. Also known as fuzzy rule base or fuzzy expert
system

« Fuzzy inference control
— asystem that uses fuzzy control and fuzzy inference

Fuzzy sdb

» A traditional set can be considered as a special
case of fuzzy sets.

» A fuzzy set has 3 principal properties:
— the range of values over which the set is mapped

— the degree of membership axis that measures a domain
value's membership in the set

— the surface of the fuzzy set - the points that connect the
degree of membership with the underlying domain

Fuzzy szt and iis mesniieessipip
fumcttbon p,

Therefore, a fuzzy set in a universe of discourse U is
characterised by the membership function H,, which takes
values in the interval [0,1] namely p,:U - [0,1].

— Afuzzy set X in U may be represented as a set of ordered pairs _ of a
generic element u and its grade of membership |, as
X = {u,pyg(u)/u O U},
« i.e., the fuzzy variables u take on fuzzy values  p,(u).

— When a fuzzy set, say X, is discrete and finite it may expressed as

X=p(up)lugt...+p(up)u,
« where "+'is not the summation symbol but the union operator, the r
does not denote division but a particular membership functi on to a
value on the universe of discourse .

Anaittesreeccamjsle of a Furzzy a6t

* Anotherset, X', might'be "'mid-age

generation decade: In:discrete form:this can

be depicted as
X,={0.0/0+0.0/1+0.5/2+0.8/3+1.0/4+0.7/5+0.3/6
+0.0/7+0.0/8+0.0/9. !

Grade 0.5

Decade

— Supportt of a fuzzy set: We intioduce
« The support of a fuzzy set is )
the set of all elements _ of the eﬁﬂm-suppm‘t;
universe of discourse that Cmm ﬁm&m
'y

their grade of membership
is greater than zero.

For X, the support is

{2,3,4,5,6}. )
. crossover point

Additionally, a fuzzy set has .

compact support if its o

07

support is finite. e 05

- Cressavetr point:

« The element of a fuzzy set ¢
that has a grade of feeaae
membership equal to 0.5 is
known as the crossover
point.

« For X, the crossover point
is2.

01 23 45 6 7 8 9

— Fuzzy singleton:

« The fuzzy set whose support is a
single point in the universe of
discourse with grade of
membership equal to one is
known as the fuzzy singleton .

— k-Level sets:

Support, Crossoust,
Singletoin

« The fuzzy set that contains the
elements which have a grade of
membership greater than the k-
level set is known as the [J-Level
set.

For X, the k-Level set wh
is {3,4,5}.
Whereas for X , the k-Level s
when k=0.4is {2,3,4,5}.

11



Popular
Membership
Functions

How to create a1 sédecMembership Functions

* Membership Functions are used in order to return th e
degree of membership of a numerical value for a particular
set.

— Fuzzy membership functions can have  different shapes , depending
on someone's experience or even preference .

— Here we review some of the membership functions use  d in order to
capture the modeler's sense of fuzzy numbers.

— Membership functions can be drawn using:
* Subjective evaluation and elicitation

— (Experts specify at the end of an elicitation phase the appropriate
membership functions) or

« Ad-hoc forms
— One can draw from a set of given different curves.

Popular Membership Functions

¢ Using library of curves simplifies the problem, for
example to

— 1. choosing just the central value and the slope on either side)

— 2. Converted frequencies (Information from a frequency histogram
can be used as the basis to construct a membership function

— 3. Learning and adaptation.

* For example, let us consider the fuzzy membership
function of the linguistic variable  Tall.

Membership Function for Tall

0if height(x) <5feet
height(x)-5 if Sfeet< height(x)< Tfeef

1; height(x) >7feet

Tall(x) =

« Given the above definition the membership grade for
an expression like “Johnis Tall' can be evaluated.
Assuming a height of 6' 11" the membership gradei s
0.54

¢ Other popular shapes used are  triangles and
trapezoidals .

Another example off poypillar
function: The S-Funetion
Oforx<a

2

X—a
2l —— | fora(x< g
S(xa.B=1 \ V=&

g 2
1—2(’(_") for B(x <

1forxyy

‘The S-Function

functipn
0.9

0.8

0.7

0.6F Oforx<a
2

L X-a )
09 2[7] fora(x< g
0.4r Sa.By)={ \V=a,
/ 2
0.3 1-2 X229 torBix<
Zl\y—a“ or (X< y

0.2r 1forx)y

0.1

o

12



The SFunction for “John is Tall”

* As one can see the S-function is flat at a value of 0 for x<a

and at 1 for x 2g.

¢ In between aand gthe S-functionis a quadratic function
of x.

- To iIIlLljstrate the S-function we shall use the fuzzy p roposition John
is tall.

— We assume that:
« John is an adult
« The universe of discource are normal people
(i.e., excluding the extremes of basketball players etc.)

— then we may assume that anyone less than 5 feetis  not tall (i.e.,
a=5) and anyone more than 7 feetis tall (i.e., g=7).
* Hence, b=6.
« Anyone between 5 and 7 feet has a membership functi  on which
increases monotonically with his height.

S-Function for “Tall”

1forx)7

Hence the membership of 6 feet tall people is 0.5,
whereas for 6.5 feet tall people increases to 0.9.

S-
functi
0.

0.

0.7
Oforx<5

0.

0.5

Another example off
useful function:
P-Function

Sxy-By-L ptorxsy

N B.y) = 5 2

1—S(x;y,y+§,y+ﬁ)forx2y

P-Function

* The P-function goes to zero at y<f3, and the
0.5 pointis at y=(/2).

* Notice that the [ parameter represents the
bandwidth of the 0.5 points.
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P-Function

Pfunction

1

Fuzzy Opearations
for

Many arguments

Operations

An example of fuzzy operations: X = { 1, 2, 35,and
fuzzy sets A and B.

A={(3,0.9, (51), (20.6)} and
B ={(3,0.7), (4.1), (2,05)} then

An B={(3,0.7), (2, 0.5)}
AT B={(@3,0.8), (4 1), (5 1), (2, 0.6)}
A = {(1,1), (2 0.4), (3,0.2), 4 1), (50)}

Fuzzy Union Disgisim

1.2

1

0.8

Grade 0.6
0.4

0.2

0

We use operator
MAXIMUM

01 2 3 456 7 89
Decade

MAOB(x) =0.82 +0.8/3 +0.24 +0.2/5

Moiie of Fuzzy opaistiars

« Set Intersection:

— ANB Y as(X)=0(K A(X), pg(x)) for all x OX where Ois
the meet operator and means the minimum of the
arguments.

« This corresponds to the logic© AND' function.
— Hang(x) =0.6/3
 Set product:
— AB g (X)=Ha(X)Hp(X)

* Power of a set:
= AN N ()=(aGON

Fuzzy Intersection dieg)iam

1.2 / """" X1

N O

0.8 el IN Inter.
Grade 0.6 ‘
We use operator

0.4 MINIMUM
0.2

0+ +—

0 8 9
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Even More of Fuzzy epaistionrs

¢ Bounded sum or bold union: A0B
— Mage(¥)=01, (Ma(X)+pg(X))) where Ois minimum and + is
the arithmetic add operator.
¢ Bounded product or bold intersection: ACB

— Mage(X)=0(0, (pa(X)+Hg(X)-1)) where [Ois maximum and
operator.
» Bounded difference: A| - |B
= Hap gO)=LX0, (Ha(X)-Hs(x)))
« where [Jis maximum and - is the arithmetic minus  operator.

— This operation represents those elements thatare m  ore
in A than B.

Single axrguuimeitt
Fuzzy

Operations

Operations on operators

Conceaitration settopjeenaoor

* CON(A) Hconm=(Ha(X))?

— This operation reduces the membership grade
of elements that have small membership
grades.

e |f TALL=-.125/5+0.5/6+0.875/6.5+1/7+1/7.5+1/8
then

* VERY TALL =
0.0165/5+0.25/6+0.76/6.5+1/7+1/7.5+1/8
since VERY TALL=TALL 2.

Conceaitration settojjeenaoor

11

0.97
0.87 Original
0.77
0.67
0.57
0.47
0.37
0.2 /
0.17 /

0

Dilation set op&arator

» DIL(A) HDH_(A):(HA(X))O'5

— This operation increases the membership grade of
elements that have small membership grades.

— ltis the inverse of the concentration operation.

e If TALL=-.125/5+0.5/6+0.875/6.5+1/7+1/7.5+1/8
then

¢ MORE or LESS TALL =
0.354/5+0.707/6+0.935/6.5+1/7+1/7.5+1/8 since
MORE or LESS TALL=TALL 05,

17 TN
e \\
0.9 / \
0.87 - / \
Dilation  / \
0.7 /
\‘
d \
0.6 /
] "/ \\\
0.5 / \
0.47 / \
a5 / Original \
. / \
/ \
0.27 /
01l /
0T "
0 2 4 6 8 10 12 14
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Intensification set epatstar

» This operation raises the membership grade of those
elements within the 0.5 points and

* This operation reduces the membership grade of those
elements outside the crossover (0.5) point.

* Hence, intensification amplifies the signal  within the
bandwidth while reducing the "noise'.

— If TALL =-.125/5+0.5/6+0.875/6.5+1/7+1/7.5+1/8 the n

— INT(TALL) = 0.031/5+0.5/6+0.969/6.5+1/7+1/7.5+1/8.

[ 2(pua(x))? for 0< up (x) < 05

AT )1 o0 1, () for 0.5 1 (9 <1

Intensification set opaistior

17 ; N
0.0 |intensification / N\

n \ f/‘ \‘\

/

0.87

0.77
/ \

0.67 / \

0.57 Original

0.47

0.37 /

0.27 ,/

0.1 \

Nornalization set opaistar

* Huorwy(X)=Ha()/max{ p,(x)} where the max
function returns the maximum membership
grade for all elements of x.

— If the maximum grade is <1, then all membership
grades will be increased.

— If the maximum is 1, then the membership grades
remain unchanged .

e NORM(TALL) = TALL because the maximum
isl

Hedigmss—
languaga ¢hkiete
opatatass

e« The above diagram shows the relationship between
linguistic variables, term sets: (= and fuzzy representations.

— Cold, cool, warm and hot are the linguistic values of the linguistic
variable temperature.

— In general a value of a linguistic variable is a composite ter mu=uy,
Uy,...,u, where each u , is an atomic term.

variable
[ 1 .
Cold - Warm Hot

term set

fUZZY SEt g
representation

Hedges

 From one atomic term by employing
hedges we can create more terms.

*Hedges such as very, most, rather,
slightly, more or less _ etc.

* Therefore, the purpose of the hedge is to
create a larger set of values for a
linguistic variable from a small collection
of primary atomic terms

16



Using Hedigs

—This is achieved using the processes of:
* normalisation,
« intensifier,
 concentration, and
« dilation.
—For example, using concentration  very u
is defined by :
very u=-u? and
very very u=-u 4,

Example of Hedigss

— Let us assume the following definition for linguistic
variable slow: (first: is- membership: function,» second
speed):

— U =1.0/0+0.7/20 + 0.3/40 + 0.0/60 + 0.0/80 + 0.0/100.

— Then,

« Very slow =u?=1.0/0 + 0.49/20 + 0.09/40 + 0.0/60 +
0.0/80 + 0.0/100

« Very Very slow = u4 = 1.0/0 + 0.24/0 + 0.008/40 +
0.0/60 + 0.0/80 + 0.0/100

* More or less slow =u%5=1.0/0 + 0.837/20 + 0.548/40
+0.0/60 + 0.0/80 + 0.0/100

Visual represant:stion «ff ialipss

membership

more or less

slow

very slow

Hedgerather

— The hedge rather is a linguistic modifier that moves each
membership by an appropriate amount C.

« Setting C to unity we get.

« Rather slow =0.7/0 + 0.3/20 ymo +0.0/60 + 0.0/80
slow. /

U =1.0/0 +0.7/20 + 0.3/40 + 0.0/60 + 0.0/80 + 0.0/100.

Hedge exanpits ¢Ritd@ docslow

— The slow but not very slow is a modification which is
using the connective  but, which in turn is an
intersection operator.

— The membership function in its discrete form was
found as follows:

slow: = 1.0/0 + 0.7/20 + 0.3/40 + 0.0/60 + 0.0/80 + 0.0/100

very slow. = 1.0/0 + 0.49/20 + 0.09/40 + 0.0/60 + 0.0/80 + 0.0/100

not very slow. = 0.0/0 + 0.51/20 + 0.91/40 + 1.0/60 + 1.0/80 +

1.0/100

slow but not very slow = min(slownotrvery: slow) = 0.0/0 +

0.51/20 + 0.3/40 + 0.0/60 + 0.0/80 + 0.0/100

Hedgesstoow\bit noo veey\skiavaad daditer
slow

rather slow
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Hedgeslightly

— The slightly hedge is the fuzzy set operator for
intersection acting on the fuzzy sets Plus slow
and Not (Very slow).

— Slightly slow = INT(NORM(PLUS slow and NOT
VERY slow) where Plus slow is slow:to the: power
of 1.25, and is the intersection operator.

+ slow:=1.0/0 + 0.7/20 + 0.3/40 + 0.0/60 + 0.0/80 + 0.0/100

* plus:slow.= 1.0/0 + 0.64/20 + 0.222/40 + 0.0/60 + 0.0/80 +
0.0/100

 not very slow:= 0.0/0 + 0.51/20 + 0.91/40 + 1.0/60 + 1.0/80
+1.0/100
 plus: slowvandchotoveryrslows= min(plus slow, not very

slow) = 0.0/0 + 0.51/20 + 0.222/40 + 0.0/60 + 0.0/80 +
0.0/100

Hedges

* nonm (plussslowvand tatovery:rislow) =) (plus
slow and not very slow/max) = 0.0/0 + 1.0/20 +
0.435/40 + 0.0/60 + 0.0/80 + 0.0/100

—slightly slow.= int (norm) = 0.0/0 + 1.0/20 +
0.87/40 + 0.0/60 + 0.0/80 +0.0/100.

Hedges

—

Hedges

* Now we are in a better position to understand the

— A syntactic rule defines, in a recursive fashion, more
term sets by using a hedge.

— For instance T(slow)={slow, very slow, very very
slow,...}.

— The semantic rule defines the meaning of terms such as
very slow which can be defined as very slow = (slow)2.

— One is obviously allowed either _ to generate new hedges
or to modify the meaning of existing ones
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