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Application of Fourier Transform (FT)

sEvaluation of image quality
MTF: resolution property
Wiener spectrum: noise property

eImage processing in frequency domain
Low pass filter

elmage reconstruction of MR image
MR signal is obtained in frequency domain (k-space).
MRI in real domain is obtained by FT.



Time Frequency vs. Spatial Frequency

Radio wave or Ultrasound
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FT can be applied for both time and spatial frequencies.



Wave propagating in Horizontal Direction
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Wave propagating in Vertical Direction

Low spatial freq. High spatial freq.



Wave propagating in Diagonal Direction
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Signal intensity

Wave propagating in Real Domain
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Signal in an image:
Optical density on radiograph
Brightness on display monitor

Distance (unit of spatial freq.):
mm (cycles/mm)
cm (cycles/cm)



Function in Mathematical Expression

f(x)

Function f(X)
Signal variation along x-axis (distance)

Signal
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2D function
Signal variation along x- and y-axes

Yy (mm)

We explain FT by using a 1D function for simplicity.



Expression of Function in Spatial Freqg. Domain

Real Domain Spatial Freq. Domain

Periodic function === Fourier Series

Non-periodic function = Fourier Transform

\ f(x)

X (mm) X (mm)

f(x)

Signal
Signal

Medical images are 2D non-periodic functions.



Fourier transform is derived from Fourier series.

Therefore, we have to start from learning a
periodic function in real domain and
corresponding Fourier series in frequency domain.



Periodic Function

f(x)
L (cm)

X (cm)
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The signal is repeating with L (cm) period.
f(x)=f(x+nL)

n=123,---
L : period



Cosine Function as Simplest Periodic Function

f(X) :cos(zT” X)

f(x)
period =L
1 >
Nae /Dae /DN e /NN /
N/ZRVVA VARV

f(x+L)= cos{ZTﬂ (xX+L)}= cos(zTﬂ X+271)= cos(zTﬁ ERTCY)

f(x+2L)= cos{zTﬂ (x+2L)}= cos(zTﬁ X+4r)= cos(zTﬂ NEREEY



Period vs. Spatial Frequency

f(x)

period =L
1 >
\ -3L/2 /‘\ -L/2 / \ L/2 /‘\ 3L/2 /
VARAVARVAR,

f (x):cos(zT” X)=c0s(27x)

u=1/L u(cycles/ cm): spatial frequency

f(x)= cos(zTﬂ X) = C0S(27UX) = COS(@y X)

2 _

] 27U @, (radian/ cm) angularfrequency
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Fourier Series Expansion of Periodic Function

Mathematical Fact
Any periodic function can be obtained by summation of
trigonometric (cosine and sine) function.

If f(x)Isperiodicfunctionwith periodL,

f () :a?o + > {a, cos(nw,X) +b, sin(nw,X)} (2.6)
n=1

wherew, =2z /L
2 oL/2

a,=— f (x)cos(hw,x)dx n=0123,--- (2.7)
| J-L/2

oL/2

bn:E f (x)sin(nw,x)dx n=0123,--- (2.8)
| J-L/2

a—o—ij‘uz f (x)dx averagesignalintensity(DC componen)

> Lo gesig y P

coS(w,X),SIN(w,X) --- fundamentd harmonic

cos(nw, X),sin(Nw,X)---n™ harmonic



Example: Fourier Series Expansion 1

f(x)

Square Wave t L=2z
1
-1 —r<x<0
f(x):{ X (o< )
(_X<7[) -2 —T 0) T 27 It X
L=27 = w,=27/L=1 o
L/2 Vs
a,=2[" t(0cosmapx)dx== " £ (x)cos(ndx=0
L J-L/2 T Y7
2 sLiI2 _ 1 ¢ : 2 (7 .
b”:f.-uz f(x)sm(na)ox)dx:;j_ﬂ 1‘(x)5|n(nx)dx:;jO sin(nx)dx
B 4 (n:odd number)
= < T
0 (n:evennumber)

(Note) Consider integral of the odd and even function!



Example: Fourier Series Expansion 2

4
n— b2k+1 —
2k +1) 7

Therefore,
HOE %0 + > {a, cos(na,x) +b, sin(NwyX)}=>" by, sin(2k +1)x
n=1 k=0

Approximation,

4 K
f(x)~— sin(2k +1)x
) 72'2 2k+l ( )

k=0

A square wave can be expressed by summation of sine functions.



Example: Fourier Series Expansion 3

Approximation with first two terms,

f(x) = %{sin(x) ; %sin(Bx)}

Square wave

— sin(x)

———— | —sin(8x)

3 4 f(x)




Example: Fourier Series Expansion 4

4 K
f(x)~— sin(2k +1)x
%) ﬂkzzo 2k+1 ( )

Approximation with 1-16 (K=0-15) terms,

- W = O

K=
K=
K=
K=
K=




Complex Number

The complex number makes it easier to express Fourier transform.

z: complex number
a: real part
z=a+ib p:imaginary part
i imaginary unit, i2=-1

Complex conjugate number of z,

Z*=a-ib



Complex Exponential in Unit Circle (Euler’s Eq.)

— e'? =cos@ +isin @
| e'? —cos@—isin b
.el@
10 —16
a| e’ +e
10 —16
. e'’ —e
Sin @ =

A



Complex Fourier Series 1

From eq. (2.6),

f(x) = a_20 ; i{an cos(n,x) +b, sin(ne,X)}

0 mwo —inwyX iN@wyX —inayx

+e e _g
+b
Z;‘ " 2i }
~ % N @ —ib )eM™ £ = (a +ib. )e M
) nZ:;,{Z( n —iby) (@, +ib)e ™™™} (2.15)

The complex Fourier Coefficient, c,, is defined as follows,

a, a, —ib, a, +ib,
= C =
5 L 5 (2.16)
From eq. (2.15), f(X) = 2 :Cneinwox ;complex Fourier series

= (2.19)



Complex Fourier Series 2

From eq. (2.15), the complex Fourier coefficient is obtained as follows;

a, —Ib,
C, =
2

1 2 ¢Li2 .2 L2 :

— E{IL/Z f (x)cos(ncoox)dx—|IJ._L/2 f (X)sIin(na,x)dx}
1 pL/2 . .

=10, f (x){cos(naw,x) —isin(na,x)}dx
1 pL/2 X

:I._L/Zf(x)e dx (2.20)

The complex Fourier series and coefficient are simple equations in
comparison with those including trigonometric functions.



Complex Fourier Series 3

In summary, the complex Fourier series of f(x) is defined as follows;

f(X) = cheinwox (2.19)

N=—0

The complex Fourier coefficient, c,, is obtained as follows;

1L : o g
__.[ L/2 (x)e X
(2.20)

where o, :ZTﬂ, L is a periodof periodic function f (x).

,\

)L (cm)

\AﬂAﬂAﬂJ
EVERRTVAC

X (cm)
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Fourier Transform 1

X
e
]\ X
£(x)
\ f00=[im f. )

f.(X) : periodic function with finite L

General functions such as image are
non-periodic functions, f(x).

Non-periodic functions are considered
as periodic functions with infinite L.

Therefore, Fourier transform (FT) is
obtained from Fourier series with
infinite L.



Fourier Transform 2

= IN@yX 1 L/2 -Nw
From (2.19) and (2.20), fL.(X)= che " G :IJ—LIZ fL(x)e™" " dx

N=—c0

S 1 (L2 —inw Ny X
W 0= 3R f e el

L/2

Lo, f,(X)= f(X), @ —do, no,— o, Z—>f

o0 1 00) o .
f(x) = j [— j f(Se ' dele dw
—0 277 9w
However, the following relationship is required,

fw\ f (X)[dx < oo



Fourier Transform 3

f(X) = fw[i j“; f (e *dEle ™ do = i j“; F(w)e'“do

F(w) :J‘OO f(X)e_indX Fourier Transform  (2.24)
1 = | X :

f(X)= —j F(w)e“"dw Inverse Fourier Transform (2.25)
277 ¥

ow=2m, dw=27du, w:angularfreq, u:spatial freg
F(u)=| f(x)e"*™ dx

f(x)=[ F(u)e*du




Fourier Transform 4

f(x) F(u)
FT
| =
S —
ﬂ Inverse FT
X (cm) u (cycles/cm)
Function in real domain Spectrum in spatial frequency domain

Function, f(x), includes the distribution of spatial frequency components
(spectrum) as shown by F(u).



Even/Odd Function

Even function, f (x) Odd function, f (x)

) fo)

/
o /

INCIERNCY f,(—x)=—"1,(x) f (—x)g.(—=x) = f.(X)g.(x); even function

0 A o f.(—x)g,(—x) =—f.(X)g,(x); odd function
Lo fe(x)dx_zjo 9 joofo(x)dx=0 f (=x)g, (=X) = f. (g, (9): odd functior

cos(—x) = cos(x) sin(—x) = —sin(x) f (—x)g,(=x) = f,(x)g,(x); even function



Fourier Transform of Even/Odd Function

FT of even function, fg(x)

F(w) = f; f_(x)e " *dx

= [ f.(0cos(@x)dx—i[ " f,(x)sin( wx)dx

=2 f f,(x) cos(wx)dx ,real number

FT of odd function, fg(x)

F(w)= j_"; f_(x)e " *dx

= [ f,(x)cos(@x)dx—i[ £, (x)sin( ax)dx

= —2i[ f,(0sin(@x)dx ;imaginary number



Symmetric Property of Fourier Transform

f(x):zi jw F(0)e'*dw (2.25)
JT ¥—©

1 * )
fx)=—" j_wF(w)e do
f(co) = — ["Fe™dx x>0
27 I

F(w) = J: f(x)e”™dx=3[f(x)] :J[f(x)]meansFT of f(x).
J[F(X)]= T (-w) symmetric property of FT

If F(@) is FT of f(x), FT of F(x) is f(-w).



Parseval’s Theorem

F(w)F*(a)):\F(a))z, F () :complex conjugate

1 ¢ 2 1 ¢ -
|, F@fdo=—| F@F (@)do

_ % [“F@If fxe"ddde

- [i [ Flor“dolf (xdx

— [ (x)2dx

o0 1 o0
'[ f(x)zdxzz—j \F(w)\zda) ; Parsevals Theorem (2.35)
—0 JT ¥—®©
Total power in real domain is same as that in spatial frequency domain.

\F(co)\2 - Power Spectrum



Convolution Integral Theorem

The convolution integral of f(x) and g(x) is defined as follows,

f)*9()=[ f(D)g(x-r)dr
The convolution integral has a strong relationship with Fourier transform.

I F(w)=3[f(9]and G(e) = S[g(x)],

SIE*9001=[ [] f(x)g(x—7)drk " dx

_ .00 f(T)e—ia)TdT (*00 g(X_Z_)e—ia)(X—z’)dX ;e—iWTeiWT _ eO —1
=" f@)edr[ ge¥dx  ix-r->x
= F(0)G(w)

J[fF(X)*g(X)]=F(0)G(w) convolution integral theorem (2.37)

FT of convolution of f(x) and g(x) is equal to the multiplication of each FT.



We will learn the application of Fourier transform in next G-Class.
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